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Abstract 
For a positive integer n and a graphical property P, g,( P) will denote the minimal number of edges 
in a graph G of order n that satisfies property P, and m,(P) will denote the class of graphs with 
n vertices and a.(P) edges that have property P. The extremal numbers g.(P) for properties 
P that have been commonly used as sufficient conditions for Hamiltonian paths and cycles in graphs 
will be investigated. In particular, results on the extremal numbers for the generalized degree and 
generalized independent degree properties will be given, where for a fixed positive integer t, the 
generalized degree 6,(G) (generalized independent degree 6:(G)) is the minimum number of vertices 
in the union of the neighborhoods of a set of t (independent) vertices of the graph G. 
1. Introduction 
There have been numerous degree type conditions that have been shown to be 
sufficient for the existence of matchings, paths, cycles, and various Hamiltonian 
properties in graphs. Well-known conditions for the existence of a Hamiltonian cycle 
include that of Dirac [3], which states that if the minimum degree of a graph G of 
order n is at least n/2, then the graph is Hamiltonian A generalization of this is the 
result of [ 1 l] that a graph G of order n is Hamiltonian if the sum of the degrees of each 
pair of nonadjacent vertices is at least n. Recently, the relationship between Hamil- 
tonian properties and generalized degree conditions have been studied, for example, 
see [9, lo]. In [lo] it was shown that if the union of the neighborhoods of each pair of 
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nonadjacent vertices of a graph G of order n is at least (2n - 1)/3 and G is 2-connected, 
then G is Hamiltonian. We will determine (and in some cases give bounds on), the 
number of edges that conditions of this type imply that a graph must have. With this 
objective in mind, we now formally discuss some of these concepts. 
In general, special notation will be introduced as needed, and the notation used in 
[2] will be followed. We first define what is commonly called the lower extremal 
number, and the class of lower extremal graphs. 
Definition 1.1. For any graphical property P, let g,(P) denote the minimal number 
of edges in any graph G of order n that satisfies property P, and let w,(P) denote the 
class of graphs with n vertices and a,(P) edges that have property P. 
The classical degree type conditions used as sufficient conditions for Hamiltonian 
properties involved the sum of degrees of vertices in subsets of fixed size. Thus, we give 
the following definition of some graphical parameters that will result in such degree 
conditions. 
Definition 1.2. If t is a fixed positive integer and G is a graph, then D,(G) will denote 
the minimum sum of degrees of a set oft vertices of G. If this minimum of the sum of 
the degrees is just taken over all independent sets of t vertices of G, then it will be 
denoted by of(G). 
Note, of course, that D,(G)<D:‘(G) (except when G has no set of t independent 
vertices), and D1 (G)=D’; (G)= 6(G), the minimum degree of a vertex of G. Another 
way to measure the ‘degree’ of a set S of vertices of a graph is to consider the 
cardinality of the union of the neighborhoods N(S) = U,,s~(s) - S of the vertices in S. 
Thus, N(S) is the collection of vertices not in S that are adjacent to at least one vertex 
in S. This gives the following generalized degree. 
Definition 1.3. If t is a fixed positive integer and G is a graph, then 6,(G) will denote the 
minimum /N(S)1 taken over all subsets S of t vertices of G. If this minimum is just 
taken over all independent sets of t vertices of G, then it will be denoted by 6:(G). 
There are the obvious inequalities involving these parameters, namely 6,(G) <D,(G) 
and sf(G)<Df(G). All of these parameters are the same and equal to the minimal 
degree 6(G) of a vertex of G when t = 1. 
For any positive integer s the lower extremal numbers and the lower extremal class 
of graphs for the property 6 > s are obvious. If G is a graph of order n that satisfies 
6(G) as, then clearly G has at least rns/21 edges, and the ‘nearly regular’ graphs of 
degree s (each vertex has degree s except for one vertex of degree s + 1 when n and s are 
odd) have precisely r ns/2 1 edges and satisfy the property. Thus, g,,( 6 2 s) =r ns/2 1, 
and &,( 6 > s) is the class of nearly s-regular graphs. 
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In Section 2 we will determine the lower extremal numbers and extremal classes for 
the properties arising from the sum of degree conditions, and in Section 3 we will give 
bounds on the lower extremal numbers involving generalized degree properties. 
2. Degree conditions 
If a graph G satisfies 6 > s, then for any positive integer t, the graph G will satisfy 
D, 3 ts and Df 2 ts. However, the converse is not true in general in either case. Thus, 
the clases of graphs that satisfy D, 3 ts or Df > ts are larger than the class of graphs that 
satisfy 6 3 s. However, the lower extremal numbers for the properties 6 3 s, D, >, ts, and 
0: > ts are the same and the extremal classes are also identical if the order n of the 
graphs considered is sufficiently large, as the next two results verify. 
Theorem 2.1. For any positive integers t and s, and for n > s, 
G,(D,3st)=rns/21. 
and 
&,( D, 3 st) = {nearly s-regular graphs}. 
Proof. Any nearly s-regular graph of order n will clearly satisfy the property, so an 
upper bound for the lower extremal number is established. Therefore, it is sufficient to 
show that rns/21 is a lower bound for e&,,( D,). 
Let D(S) denote the sum of the degrees of the vertices in the set S. Then for the graph 
G, we have 
In the previous sum, the degree of each vertex is counted (:I: ) times, and each edge is 
counted twice that number of times, Therefore, 
,E(G&E=nS 
2(:1:) 2’ 
Also, if 1 E(G)1 =rns/2 1, then all of the vertices of G must have degree precisely s, 
except for possibly one vertex of degree s+ 1 when n and s are both odd. This 
completes the proof of Theorem 2.1. 0 
Theorem 2.2. For anyfixed positive integers f and s, and for n sujjficiently large (in fact, 
n 2 (t - 1) (s + 1)2 will &/ice), 
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and 
&,( Df > st) = {nearly s-regular graphs}. 
Proof. As before, any nearly s-regular graph of order n will clearly satisfy the 
property, so an upper bound for the extremal numbers is established. Therefore, it is 
sufficient to show that rns/21 is a lower bound for g,(Df). 
If each vertex of G has degree at least s, then there is nothing to prove. Suppose not, 
and let x be a vertex of degree less than s. We will show that this leads to a con- 
tradiction, which will complete the proof. Select a maximal independent set S contain- 
ing x such that all of the vertices have degree at most s. By our selection of S each 
vertex of G that is not adjacent to a vertex in S has degree at least s+ 1. Also, 
ISl<t-1, because G satisfies Df(G)>ts. Thus, G has more than n-(t-l)(s+l) 
vertices of degree s+ 1. However, (s+ l)(n-(t- l)(s+ 1))Bn.s for na(t- l)(s+ 1)2, 
which gives a contradiction. This completes the proof of Theorem 1.2. Cl 
It should be mentioned that the restriction on n being sufficiently large is needed to 
ensure that G had an independent set with t vertices, so that the condition Df >st is 
not satisfied vacously. For example, the graph G that consists oft- 1 vertex disjoint 
copies of a K, satisfies Df(G)>st, since there is no set of t independent vertices; 
however, each vertex in G has degree s- 1. The bound given for n in Theorem 2.2 is 
not sharp, but one of convenience. 
For t = 2 and n > s, a straightforward degree counting argument implies the con- 
clusion of Theorem 1.2. Assume that G is a graph with n vertices and m edges with 
degree sequence dI, d2, . . . , d,. Let Vi be the vertex of degree di, and denote the 
neighborhood of Vi by Ni. Consider the sum 
M=$l ( “zNi (di+dj)). 
Since there are n-di- 1 vertices not in Ni, and since the sum of the degrees of 
nonadjacent vertices is at least 2s, we have the following: 
M> i (n-l-di)(2s)>n(n-1)(2s)-(2m)(2s). 
i=l 
On the other hand, each term di occurs 2(n- 1 -di) times in M. Using this fact and 
a convexity argument we have the following: 
M=2 ,$ di(n-1-di)=2 i ((n-l)di-d?) <2(n-1)(2m)-2n 
i=l i=l 
However, 2(n- 1)(2m)-2n(2m/n)2 Zn(n- 1)(2s)-(2m)(2s) is equivalent to m>rsn/21. 
Also, to obtain equality in the previous statement, the graph G must be nearly 
s-regular. 
It should also be noted that one of the consequences of the preceding results is that 
although the condition of Ore [l l] (O;(G) 2 n) is weaker than the condition of Dirac 
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[3] (D,(G)>n/2), the number of edges they each imply the graph G must have is the 
same. 
In both Theorems 2.1 and 2.2, one can also replace the given property with the 
property D, 3 st - k (or Df 3 st - k) for 0 <k < s, and obtain the same result except for 
some minor modular arithmetic adjustments. 
3. Generalized degree conditions 
In this section we will investigate the lower extremal numbers for generalized degree 
properties. In general, for these conditions the nature of the lower extremal function is 
more complicated. However, we start with some straightforward observations about 
g,(&(G)>s) and ~,(6f(G)3s) when s and t are fixed and G is a graph of 
sufficiently large order n. 
Theorem 3.1. For any$xed positive integers t and s, and for n suficiently large (in fact 
na(t - l)(s+ 1)2 will su&e) and divisible by s+ 1, 
ext,(6f>st)=rns/21 
and 
Proof. The graph (n/(s + l))K,+ 1, which is the vertex disjoint union of n/(s+ 1) 
complete graphs KS+ 1 clearly satisfies the property, so an upper bound for the lower 
extremal number is established. That rns/21 is a lower bound for a,(sf) follows from 
Theorem 2.2 and the fact that s:(G) 3 ts implies Df(G) 3 ts. 
All that remains is to show that n/(s + l)K,+ 1 is the unique minimal graph. From 
the proof of Theorem 2.2 we can assume that each vertex of G has degree precisely s. If 
nonadjacent vertices x and y, each of degree s, have a common neighbor, then 
1 N(x)uN(y) 1 d 2s - 1. There is an independent set S containing x and y with t vertices 
such that 1 N(S) I> ts. Therefore, in the set S there must be a vertex of degree at least 
s + 1. This gives a contradiction, which implies that the neighborhood of each vertex is 
a complete graph, and so G is the vertex disjoint union of complete graphs K,, 1. This 
completes the proof of Theorem 3.1. c7 
Note that the restriction in Theorem 3.1 that n is divisible s+ 1 is one of conveni- 
ence. If n is not divisible by s+ 1, then a graph that is a disjoint union of complete 
graphs of order s+ 1 or s+2 will play the role of the minimal graph. 
Theorem 3.2. For any positive integers t and s, and for any graph G of sz@ciently large 
order n. 
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r n(s + 1) 2 ]</_c&tGi’-.)< ~~~s+2~-~+~~+~~ 1. 
Proof. Let G denote an (s+ 2)-regular graph of order n and large girth, say girth 
exceeding (s + 3)t, (see [ 11). Therefore, G has (s + 2)n/2 edges. Let T be an arbitrary set 
of t vertices of G, and let H be the subgraph spanned by T and the neighborhoods of 
the vertices in T. Thus, H has at most t(s + 3) vertices. By the assumption on the girth 
of G, H has no cycles and hence is a forest. This implies that H has at least t(s+ l)+ 2 
vertices, and so 1 N( T)la ts + 2. This gives an upper bound of r n(s + 2)/2 1. Note that 
the graph G need not be (s + 2)-regular. There could be some vertices of degree s + 1 in 
G as long as they are at least a distance t apart. Thus, the selection of a maximal 
collection of vertices of G that are pairwise at a distance at least t + 2, and then delete 
one edge from each of these vertices will result in a decrease of n/((~+2)‘+~) in the 
upper bound. 
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Since 6,(G) 3 ts implies D,(G) 3 ts, we know that G must have at least rns/21 edges 
which gives a lower bound. However, this bound can be improved. If there is some 
collection R of r vertices such that IN(R)1 <rs, then we can select the set R such that 
Y is maximal with this property. If 1 N(R)1 < rs - 2, then each vertex not in R must have 
degree at least s+2. If 1 N(R)1 =rs- 1, then each vertex not in RUN(R) must have 
degree at least s + 1, and each vertex in N(R) must have degree at least s + 2. In both 
cases this implies that the number of edges in G exceeds 
1 
n((s+ 1)-s/(s+ 1)) 
2 1. 
If no such set R exists, then G has no vertex of degree less than s, and no two vertices of 
degree s can be within a distance 2 of each other. That implies for each vertex of degree 
s we can associate the set of s neighbors which are vertices of degree at least s + 2, and 
these associated sets are disjoint. In this case clearly G has at least [(s + l)n/21 edges, 
which completes the proof of Theorem 3.2. 0 
The bounds in Theorem 3.2 can be improved some with a much more detailed 
analysis. Note, for example, that if the graph G can be decomposed into vertex disjoint 
sets oft vertices that each induce a connected subgraph, then the sum of the degrees of 
the vertices in each such set is at least ts+2t-2. This would imply that the average 
degree in the graph G would be at least s+2-2/t, and thus G would have at least 
(s + 2 - t/2)n/2 edges. In the case t = 2, this would give a lower bound of s + 1, as stated 
in Theorem 3.2. For t =2 the lower bound of r(s+ l)n/21 is sharp, since a nearly 
(s + 1)-regular graph of large girth will give this as an upper bound. In general, one can 
show that for t B 3 the lower bound is at least (s + 1+ 442 for some c, that depends 
on t. 
We will next consider @,(G,(G)>s) for a graph G of large order n when t is fixed, 
but s is a function of rz. In particular, we will consider the case when s is a positive 
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fraction of n. Before doing this we need to make some additional observations and 
describe some more terminology. In the following cases the lower extremal numbers 
are related to the Turin extremal numbers. Thus, we give the following definition. 
Definition 3.3. For any graph H, the Turan extremal number of H denoted by ext,(H) 
is the maximal number of edges in any graph G of order n that does not contain H as 
a subgraph. 
Turin extremal theory was introduced in [13], and a survey of results in TurBn- 
type extremal theory can be found in [12]. We will adopt the notation that t(n, k) will 
represent the Kk Turhn number (or just k Turan number) for a graph of order n, and 
r(n, k) will denote the Turin extremal graph. 
If a graph G satisfies &(G)>,s, then 1 N(T)] >,s for any set T of t vertices of G. 
Therefore in G, the complement of G, all of the vertices in T cannot be commonly 
adjacent to each vertex of any set of n-t-s + 1 vertices. The converse is also true, so 
G satisfies 6,(G) > s if and only if G does not contain a K,,,_,_,+ 1. Therefore, we have 
extn(Gt(G)as)= ; 0 -eaK,,-t-s+l)~ 
so the determination of g,( 6,(G) > s) is equivalent to the determination of the Turin 
extremal number e~t,,(K~,~_~_~+ I). 
Now we turn our attention to the determination of ext,(K,,,,) for t fixed, 0 <r < 1, 
and n sufficiently large. Using the probability techniques in [6,7] one can find for any 
given E > 0, a random graph G of order n in which each edge is chosen with probability 
r”‘-.z. This G will have (rljt -&)n2/2 +o(n2) edges, and each vertex will have degree 
(r”‘--E)n+ o(n). In addition, the intersection of the neighborhoods of any set of 
t vertices will be (rljt - E)‘n + o(n) < rn. Therefore, G does not contain a K,,,,, and so 
ext,(K,,,,)3(r”’ -&)n2/2. On the other hand, consider a graph G of order n that 
contains (r”‘+&)n*/2 edges. A set M of m vertices can be chosen such that there are at 
least m((r”‘+.s)n- m) edges emanating from M. Thus, the average degree of the 
vertices in A? relative to M is at least m(r”‘+.z). If m is chosen such that 
then there are rn vertices of h;i that are adjacent to the same t vertices of M. This is true 
since the numerator of inequality (1) is a lower bound (counting multiplicities) on the 
number of subsets of order t in M in the neighborhood of some vertex not in M, and 
the denominator is the total number of t-subsets of M. Therefore, G contains a K,,,,. 
This verifies the following result. 
Theorem 3.4. For any fixed positive integer t, jixed 0 < r < 1, and any E > 0, 
(r lit-&)n2/2<ext,(K,,,,)<(r”‘+&)n2/2, 
iyn is sujjiciently large. 
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This immediately gives the following result concerning the lower extremal number. 
Corollary 3.5. For any positive integer t, jxed 0 <Y < 1, and any E > 0, 
(1 --r”’ -&)n2/2<ext,(6,3rn)<(l-rr”‘+&)n2/2, 
if n is sujiciently large. 
We now consider g,(sf(G) 2s) for a graph G of large order n when t is fixed, but 
s is a function of n, in particular when s is a positive fraction of n. We will need one 
class of graphs, namely the generalized books, to attack this problem. We will denote 
the graph Kk +K, by &,,, and it will generally be referred to as the generalized 
k-book with m pages. If k = 2, then we will many times just use B,, and refer to it as the 
book with m pages. 
If a graph G satisfies 6:(G) > s, then 1 N( T)I 2 s for any set T of t independent vertices 
of G. Therefore, in G the set T induces a complete subgraph, and the vertices of T can 
not be commonly adjacent to each vertex of any set of n-t-s+ 1 vertices. The 
converse is also true, so G satisfies 6f(G)>s if and only if G does not contain 
a J&-,-,+ i. Therefore, we have 
ext,(@(G)>s)= 2” 
0 
-e-M&,.-,-,+I), 
so the determination of a,( 6f (G) k s) is equivalent to the determination of the Turan 
extremal number ext,(Bt,,_t_,+l). 
We now consider the problem of determining ext,(B,,,) for t fixed, O<r< 1, and 
n sufficiently large. This problem is equivalent to determining the largest generalized 
t-book in a graph with pn2 edges for 0 < p < l/2, and we will approach the problem 
from this point of view. Thus, we give the following definition. 
Definition 3.6. For positive integers t, n and m with t < n and m<(i), let b,(n, m) denote 
the largest integer 1 such that each graph with n vertices and m edges contains 
a generalized book &. 
We next give an upper bound for b,(n,m) by describing a family of graphs. For 
positive integers a, b and k, let G(a, b, k) be the graph that has ak disjoint sets each with 
b vertices. These ak sets are considered to be located in a rectangular array with a rows 
and k columns, and two vertices are adjacent if they are in different rows and columns. 
Therefore, G(a, b, k) has abk vertices, and there are k(k- 1) a(a- l)b2/2 edges, since 
each vertex has degree (k - 1) (a - 1) b. Also, the largest generalized t-book in G(a, b, k) 
has (k - t) (a - t) b pages, since each of the t vertices that are not page vertices must be 
in different rows and columns. 
If we let n be the number of vertices in G(a, b, k) and m the number of edges, and 
consider a and b as variables that depend on n and m, then we get 
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(k- l)n2 
“(k- l)n2-2km 
and b=(k-l)n2-2km 
k(k-1)n ’ 
Of course, we must have m <(k- l)n2/2k for there to be appropriate integers a and b. 
With this one restriction, we can think of the graph G(a, b, k) as the graph GJn,m), 
which is a regular graph with n vertices and m edges. Also, the largest generalized 
t-book in G,(n,m) has ((k-t)/k(k- 1))((2ktm-(k- l)n’)/n) pages. Therefore, the 
graph GJn, m) gives an upper bound on b,(n, m), namely 
for any td k. 
Note that if m=(k- l)n2/(2k), then the Turin graph T(n, k) (a complete k-partite 
graph with n/k vertices in each part), gives an upper bound of (k- t)n/k for b,(n, m), 
which is what the bound in equation (2) approaches as m approaches (k- l)n2/2k. 
Thus, the bound in (2) is valid also when m=(k- l)n2/2k. 
Next, we will verify a lower bound for b,(n,m). The basis of this bound is the 
following result that can be found in [S] (This generalizes a result of Edwards in [4].). 
If G is a graph with n vertices and m edges and m >(r- l)n’/(2r), then G has 
a subgraph K, such that the sum of the degrees of the vertices in K, is at least Zrm/n. 
Also, the vertices of this K, can be selected in a greedy way; namely, by starting with 
a vertex of maximal degree, and then successively selecting a vertex of maximal degree 
in the neighborhood intersection of the previously selected vertices. This result can be 
used to obtain a lower bound on the generalized t-book order in the graph G. 
The number of edges emanating from the K, is at least 2rm/n, so the average degree 
of the vertices of G relative to the K, is at least 2rm/n2 3 r - 1. We want to count the 
number of times (counting multiplicities) that subsets of K, with t vertices are in the 
neighborhood of some vertex of G. This will occur a minimum number of times when 
the degrees relative to the K, are as even as possible. It is straightforward to verify 
that this even distribution occurs when there are at least (2rm/n)-(r- 1)n vertices 
of degree r and at most rn-(2rm/n) vertices of degree r - 1 relative to the K,. 
Therefore, there will be some set of t vertices of the K, that will be in the neighbor- 
hoods of at least 
(rn-F)(‘r’)+(?-(r-l)n)(z) 
r 
0 t 
vertices. The number in (3) reduces to (2tm/n)-(t- l)n, thus the graph G will have 
a generalized t-book with at least (2tm/n)-(t- 1)n pages. Therefore, we have the 
following summary result of the upper and lower bounds on the order of a generalized 
t-book. 
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Theorem 3.7. Let 2 <f 6 k be ajixed positive integer, and let n and m be positive integers 
with (k - 2)n2/2(k - 1) d m d (k - l)n*/2k. If n is sufJiciently large, then 
2tm 
T-(t-l)n<b,(n,m)< 
2ktm-(k- l)n* 
(i$Gj)( n )’ (4) 
Also, when m = (k - l)n*/2k, the upper and lower bounds agree and b,(n, m) = (k - t)n/k. 
Note that the upper and lower bounds in (4) do not agree at m =(k-2)n*/(k- l), 
and in fact when t = k - 1, this lower bound is 0. The Turin graph T(n, k - 1) indicates 
that 0 is also an upper bound. However, if m = (k - 2)n*/(k - 1) + 1, then the situation is 
different. Edwards [S] showed that a graph with n vertices and at least n2/4+ 1 edges 
has a book with at least n/6 pages. Thus, the number of pages of the book jumps from 
0 to n/6 when the number of edges increases from rn*/41 to rn*/41+ 1. The upper 
bound in (4) when k= 3, and t = 2 is also n/6, so the upper bound is sharp in this 
particular case. We do not know if the upper bound is sharp for other values oft and k. 
However, this jump phenomenon is a general one that occurs for any generalized 
t-book at the Turin number t(n, k) for any t d k. This is the content of the next two 
results. 
Theorem 3.8. Let k > 2 bejixed positive integer, and let n and m be positive integers with 
m >(k- l)n*/k. If n is s@ciently large, then 
bk(n, m) >(3k-4)n 
‘z(iz$ 
Proof. Let G be a graph of order n with m > (k- l)n*/k edges. Suppose that G does not 
contain a generalized k-book with at least (3k-4)n/8k(k+ 1) pages. We can select 
a complete subgraph Kk in G such that the sum of the degrees of the vertices in the Kk 
is at least 2km/n (see [S].) Since 2km/n>(k- 1) n, there is at least one vertex of 
G adjacent to each vertex of the &. Therefore, there is a complete Kk + 1 such that the 
sum of the degrees is at least (k- l)n+&, where 6n is the minimum degree in G. 
We want to determine the number of subsets of K k+ 1 with k elements that are in the 
neighborhood of some vertex of G (counting multiplicity, of course). The ‘average 
degree’ of the vertices of G relative to this K k + 1 exceeds (k - 1) + 6, so there will be at 
least 6n subsets of k vertices of K k + 1 that are in the neighborhood of some vertex of G. 
Thus, there is some subset with k vertices that is in the neighborhood of at least 
(6n)/(k+ 1) vertices. Hence, we are done unless 6 <(3k-4)/8k, so assume that G has 
a vertex of degree less than (3k -4)/8k. The graph obtained from G by deleting a vertex 
of minimal degree has sufficient density to have a K k+ 1 with the same properties as the 
Kk+l of G. 
If we do not get the required generalized k-book, then we can continue to delete 
a vertex of minimum degree from the remaining graph. As long as the order of the 
graph H being considered has at least n/2 vertices, we will either get the desired 
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generalized k-book, or we will be able to delete a vertex of degree at most 2(3k -4)/8k. 
Note that as the order of the graph decreases, the minimum degree must be larger to 
insure the required book. After n/2 steps, one obtains a graph with n/2 vertices and at 
least (k- l)n2/2k-(n/2)(2(3k-4)n/8k) edges. However, a graph with n/2 vertices has 
less than n2/8 edges, so we have the inequality 
Straightforward calculations imply that this gives a contradiction, which completes 
the proof of Theorem 3.8. 0 
Theorem 3.9. Let k3 3 be a fixed positive integer. If t < k and n and m are positive 
integers with m>(k- l)n’/k and n is suficiently large, then 
b,(n,m)>F+!kik 
4(k+ 1)7’ 
Proof. Let G be a graph with n vertices and m>(k- l)n’/k edges. Let 
E= t(t - 1)/4(k + 1)7. We will show that G has a generalized t-book with least 
((k - t)/k + E) n pages. 
Let dn be the maximum degree of a vertex in G. By successively selecting vertices of 
maximum degree in the intersections of the neighborhoods of the previously selected 
vertices, one can obtain a K, such that the sum of the degrees of the vertices of the Kk 
is at least 2km/n (see [S]). Therefore, the sum of the degrees of the first k- 1 vertices is 
at least 2km/n-(l/(k-1)) (2km/n-dn)>(k-2)n+dn. Thus, there is a K,_,, such 
that the sum of the degrees of the vertices is at least (k - 2)n + An. The average degree 
of the vertices of G relative to this Kk_ 1 is at least (k - 2 + d)/(k- 1). Therefore, the 
following expression is the minimum number of sets (counting multiplicity) of 
t vertices of the Kk- 1 that are in the neighborhood of some vertex of G. Note that the 
minimum occurs when the degrees of vertices in G relative to the Kk- 1 are as evenly 
distributed as possible, which would be at least dn/(k- 1) vertices of degree k- 1, and 
at most (1 -(d/k - 1))n vertices of degree k - 2: 
Therefore, if we have 
(5) 
we have the required book and we are done. We can suppose that this does not occur, 
which implies using inequality (5) that 
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d<k-l+(k-1)2 
k 
E. 
t (6) 
We will next make some observations about the minimum degree 6n of G. As before, 
using [8], we can find a K, in G such that the sum of the degrees of the vertices of this 
Kk is at least 2km/n>(k- 1)n. This implies that there is at least one vertex in the 
intersections of the neighborhoods of the vertices of the K,. Thus, G has a Kk+ 1 such 
that the sum of the degrees of the vertices is at least ((k- 1)+6)n. Hence, using the 
same reasoning employed in the previous paragraph of counting the number of 
subsets of Kk+ 1 with t vertices that are in the neighborhood of some vertex of G, we 
have that G has a generalized t-book with at least 
( 
dC)+(l -@VY’) 
(“:‘) n 1 
(7) 
pages. Therefore, if the expression in (7) exceeds ((k-t/k)+ ~)n, we have the required 
generalized t-book. Therefore, we can suppose that this does not occur, and so we 
have 
*< W+l)E k-t 
t(k+l-t)+k+l-t. 
Hence, since 6 <(k- 1)/k, we can delete a vertex of minimum degree 6n in G 
and obtain a graph that will again have a K k+l with the same properties as the 
Kkfl in G. 
As long as we do not get the required generalized t-book, we will continue to delete 
a vertex of smallest degree. Do this cm times. In the case when the graph H being 
considered has (1 -cr)n vertices, the reasoning used to get a bound on the minimum 
degree in G gives the following (slightly larger) bound on the minimum degree 6*n of 
H similar to that of inequality (8). 
6*< (k+ l)(Ek+4-t)) k-t 
(l--a)t(k+l-t) +k+l-t’ 
(9) 
Each of the an vertices deleted will have degree at most 6*n when deleted, and thus 
have degree less than 6*n + an in G. Let c(= l/(k+ 1)3. The claim is that with the 
restriction on the maximum degree given by inequality (6), and the restrictions on the 
minimum degree given by (9), we will reach a contradiction to the number of edges in 
G. In fact, a count on the sum of the degrees in G gives the following inequality: 
k-1+(k-1)2 
k t 
(k+ l)(ek+R(k-t)) k-t 
(l-cr)t(k+l-t) +“+k+l-t 
The inequality in (10) can be shown to be equivalent to the following inequality using 
straightforward calculations: 
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(11) 
The first and fourth fractions on the left-hand side of the expression of (11) are less 
than l/(k + 1)6, and the second and third terms are less than t - 1/4(k + 1)5. Since the 
term on the right-hand side of (11) exceeds (t - l)/(k + l)‘, this gives a contradiction, 
which completes the proof of Theorem 3.9. 0 
In the preceding two theorems there is no claim that the ‘jump’ in the book size 
implied is sharp. The results merely imply that there is a jump, but the techniques used 
cannot, even with careful calculations, give a sharp result. 
4. Questions 
An obvious open question is to determine precisely the function b,(n, m), which is 
the minimum number of pages in a generalized t-book that each graph with n vertices 
and m edges must have. To do this, the nature of the function b,(n, m) when m is close 
to the Turan number t(n, k) for k 3 t must be determined. In particular, can one 
determine precisely the jump in the function b,(n, m) from m = t(n, k) to m = t(n, k) + l? 
Also, it would be interesting to know if the function b,(n, m) is continuous except at the 
Turan numbers. The upper and lower bounds of Theorem 3.2 do not agree. It would 
be nice to determine precisely g,(G,(G)3 ts) for arbitrary t and not just for t=2. 
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